This work is concerned with the approximate controllability of a nonlinear fractional impulsive evolution system under the assumption that the corresponding linear system is approximate controllable. Using the fractional calculus, the Krasnoselskii fixed point theorem, and the technique of controllability theory, some new sufficient conditions for approximate controllability of fractional impulsive evolution equations are obtained. The results in this paper are generalizations and continuations of the recent results on this issue. At the end, an example is given to illustrate the effectiveness of the main results.
Introduction
In recent years, fractional differential systems have provided us with an excellent tool in electrochemistry, physics, porous media, control theory, engineering, etc., due to the descriptions of memory and hereditary properties of various materials and processes. The research as regards the fractional systems has received more and more attention very recently.
Our interest is the following fractional impulsive evolution control system involving nonlocal conditions: k ) denote, respectively, the right and left limits of x(t) at t = t k with  < t  < t  < · · · < t n < T and x(t B : U → X α is a bounded linear operator, f : J × X α × X α → X, h : PC( [, T] , X α ) → X α are given functions which will be specified later in Section , and
x(t) = -Ax(t) + f (t, x(t), Gx(t)) + Bu(t), t ∈ J := [, T], t = t k , x(t k
)Gx(t) = t 
K(t, s)x(s) ds
is a Volterra integral operator with integral kernel K ∈ C( , [, +∞)), = {(t, s) :  ≤ s ≤ t ≤ T}.
Controllability is one of the important concepts both in mathematics and in control theory. Generally speaking, controllability enables one to steer the control system from an arbitrary initial state to an arbitrary final state using the set of admissible controls. The controllability problem is a mathematical description of many physical systems such as fluid mechanic systems, quantum systems, and so forth. Controllability of deterministic and stochastic dynamical control systems is well developed by using different kinds of methods which can be found in [-] . But the question is that the concept of exact controllability is usually too strong if we consider the problem in the infinite dimensional spaces. Therefore, approximate controllability, the weaker concept of controllability, has gained much attention recently, which steers the system to an arbitrary small neighborhood of a final state (see, for example, [-]). Mahmudov and Zorlu [] researched the approximate controllability of fractional evolution equations involving the Caputo fractional derivative, the sufficient conditions are established under the assumption that the corresponding linear system is approximate controllable, by using the theory of fractional calculus and semigroup and the Schauder fixed point theorem. Ganesh et al. [] derived a set of sufficient conditions for the approximate controllability of a class of fractional integro-differential evolution equations.
A strong motivation for investigating the fractional evolution equation comes from the fact that it provides an excellent tool for the modeling of various phenomena in many fields of physics, engineering, economics, etc. The existence and uniqueness of the fractional evolution equation have been studied by several authors (see [-] and references therein) with the help of various fixed point theorem and operator theory. Zhou and Jiao [, ] discussed the fractional evolution equations and defined the mild solution by means of the probability density function, which has been developed by Wang et al. [] . On the other hand, there are significant developments in the theory of impulses especially in the area of impulsive differential equations with fixed moments, which provide a natural description of observed evolution processes, regarding these as an important tool for better understanding several real-world phenomena in applied sciences. Very recently, we [] considered the fractional impulsive differential equations with delay, and the resonance case in [] . For more details as regards impulsive differential equations, the reader can refer to the monograph of Lakshmikantham et al. [] and [, -].
However, there are limited works considering the approximate controllability of the fractional impulsive evolution system with nonlocal conditions [, ] . So, in this work, the main objective is to provide the sufficient conditions for the approximate controllability of the control system (.). The nonlocal boundary condition, initiated by Byszewski [] , is studied in [, ] . It is claimed there that it may be used in some physical problems successfully. The technique we use is the Krasnoselskii fixed point theorem and the semigroup theory. More precisely, by using the constructive control function, we transfer the approximate controllability problem for control system (.) into the fixed point problem for operator . Furthermore, the results on the approximate controllability of fractional control systems are derived.
The outline of this paper is as follows. In Section , we recall some essential results on the fractional powers of the generator of a compact analytic semigroup and introduce the mild solution for the system (.). In Section , we study the existence of a mild solution for the system (.) under the feedback control u (x) defined in (.). We show that the control system (.) is approximately controllable on [, T] provided that the corresponding linear system is approximate controllable. Finally, an example is given to illustrate the effectiveness of the main results.
Background materials and preliminaries
We assume that X is a Hilbert space with the norm · = √ ·, · . Throughout this paper, we assume that -A : 
which shows that A -α is an injective continuous endomorphism of X. Therefore, we can
it is a closed bijective linear operator in X.
Denote X α by the Hilbert space D(A α ) equipped with the norm
, which is equivalent to the graph norm of A α . Moreover, the fractional power A α has the following basic properties.
Lemma . ([]) A α and S(t) have the following properties:
Next, we present some basic knowledge and definitions as regards fractional calculus theory, which can be found in the monographs of Podlubny Definition . The fractional integral of order α >  with the lower limit  for a function y is defined as
provided the right-hand side is pointwise defined on [, ∞), where is the gamma function.
Definition . The Caputo fractional derivative of order α >  with the lower limit  for a function y is defined as According to Definitions . and ., it is suitable to rewrite the problem (.) in the following equivalent integral equation:
provided that the integral above exists. Applying the Laplace transform
to (.) and applying the method similar to [], we get
provided the integrals above exist, where E is the identity operator defined on X. Consider the one-sided stable probability density []
whose Laplace transform is given by
Using (.) and (.), it means that
Now we can invert the last Laplace transform to get
For x ∈ X and  < q < , let us define the following two sets {U(t) : t ≥ } and {V (t) : t ≥ } of operators:
We introduce the space PC(J, X α ) formed by all piecewise continuous functions x :
It is clear that PC(J, X α ) endowed with the norm x α = sup t∈ [,T] x(t) α is a Banach space. Then a mild solution of system (.) can be defined as follows.
, the integral equation
We now state the following lemmas which will be used in the sequel.
Lemma . ([]) The operators U and V have the following properties:
(i) For any fixed t ≥  and x ∈ X α , we find that the operators U(t) and V (t) are linear and bounded operators, i.e., for any x ∈ X,
(ii) The operators U(t) and V (t) are strongly continuous for all t ≥ .
(iii) U(t) and V (t) are compact operators in X for all t > .
(iv) For every t > , the restriction of U(t) to X α and the restriction of V (t) to X α are compact operators in X α . (v) For all x ∈ X and t ∈ (, ∞), 
Main results
Let x(T; x  , u) be the state value of (.) at terminal time T corresponding to the control u and the initial value x  . Introduce the set R(T,
is called the reachable set of system (.) at terminal time T, its closure in X α is denoted by R(T, x  ).
Definition . ([])
The system (.) is said to be approximately controllable on [, T] if R(T, x  ) = X α , that is, given an arbitrary >  it is possible to steer from the point x  to within a distance from all points in the state space X α at time T.
In order to study the approximate controllability for the fractional control system (.), we introduce the following linear fractional differential system:
The approximate controllability for linear fractional system (.) is a natural generalization of approximate controllability of a linear first order control system [] . Definite the operator L
], U) → PC([, T], X α ). Let us introduce the controllability and resolvent operators associated with (.) as
respectively, where B * and V * (t) are the adjoint of B and V (t), respectively. It is not difficult to see that T  is a linear bounded operator.
Lemma . ([]) The linear fractional control system (.) is approximately controllable on [, T] if and only if R( , T  ) →  as →  + in the strong operator topology.
Before proving the approximately controllable results, we need the following basic assumptions.
(H f ) f : [, T] × X α × X α → X is continuous, and for any r ∈ R + , there exist a constant 
For an arbitrary function x ∈ PC([, T], X α )
, considering the form of a mild solution of (.) in Definition ., as well as the controllability and resolvent operators in (.)-(.), we choose the feedback control function associated with the nonlinear system (.) as follows: 
where
Proof Obviously, the fractional Cauchy problem (.) with the control in (.) has a mild solution if and only if the operator has a fixed point on B r . According to the requirements of the Krasnoselskii theorem, our proof will be divided into several steps.
Step . For any x, y ∈ B r , we claim that x + y ⊂ B r . At first, using the assumption yields the following estimation:
Then, for any x, y ∈ B r ,
Thus, for any > , from (.), there exists r( ) >  such that x + y α ∈ B r( ) .
Step . We show that in (.) is completely continuous on B r( ) ; here we divide the argument into two substeps.
Step .. We first show that is continuous on B r( ) . Let {x n } ∞ n= ⊂ B r( ) be a sequence such that x n → x as n → ∞ in PC([, T], X α ). For any t ∈ [, T], with the help of the continuity of f , u , we can see that
and applying the Lebesgue dominated convergence theorem, for all t ∈ [, T], we conclude that
which implies that is continuous on B r( ) .
Step .. is compact on B r( ) . For the sake of convenience, we define Nx(t) := f (t, x(t), Gx(t)) + Bu (t, x(t)). Let t ∈ [, T] be fixed and δ, η >  be small enough. For x ∈ B r( ) , define the operator
By means of the compactness of S(δ q η) and the boundedness of y(t, δ), for any t ∈ [, T],
On the other hand,
approaches zero as δ → , η → . This implies that there are relatively compact sets arbitrarily close to the set { : x ∈ B r( ) } for t ∈ (, T], then { : x ∈ B r( ) } is relatively compact in X α . Since it is compact at t = , we conclude that the set { : x ∈ B r( ) } is relatively compact in X α for t ∈ [, T]. Next, for  < t  < t  ≤ T and δ >  small enough,
By the Hölder inequality, we can see that
and
For t  = , I  = . For t  >  and η >  small enough, we obtain
thus, I  , I  , I  tend to zero independent of x ∈ B r as t  -t  →  and η → . So, we conclude that
Consequently, is equicontinuous. Applying the Arzela-Ascoli theorem, is compact on B r( ) .
Step . is a contraction operator. From the assumptions (H h ) and (H I ), it is easy to see that
Therefore, by means of the Krasnoselskii fixed point theorem, we conclude that in (.) has a fixed point, which gives rise to a mild solution of Cauchy problem (.) with the control given in (.). The proof is completed. Proof Let x be a fixed point of in B r . Any fixed point of is a mild solution of (.) under the control
and it satisfies the equality
where 
